Sklyanin's method of separation of variables is employed in a calculation of finite temperature expectation values. An essential element of the approach is Baxter's Q-function.
Introduction
One-point functions have numerous applications in Statistical Mechanics and Condensed Matter Physics [1, 2] . They determine "generalized susceptibilities" i.e. the linear response of a system to external fields. In a path integral formulation the one-point function of a local field O is represented by a Euclidean path integral of the form
Recently some progress has been achieved in the calculation of one-point functions in integrable Quantum Field Theory (QFT) defined on a two dimensional Euclidean plane [3, 4] . In this case, the integral (1.1) can also be viewed as a Vacuum Expectation Value (VEV) in 1 + 1-dimensional QFT associated with the action A. For many applications, especially in Condensed Matter Physics, it is important to generalize the results of Refs. [3, 4] to the case of Euclidean path integrals defined on an infinite cylinder. In the Matsubara imaginary time formalism such path integrals are interpreted as thermal averages
where H is the Hamiltonian of the corresponding QFT and the temperature coincides with the inverse circumference of the cylinder.
The path integral defined on a cylinder also allows another interpretation. It is an expectation value for the ground state | vac R of the 1 + 1-dimensional theory in the finite geometry where the spatial coordinate is compactified on a circle. Hence, the VEVs contain important information about Renormalization Group flow controlled by the parameter R.
An exact calculation of the finite volume (finite R) VEVs is a challenge even in integrable QFT. Recent progress made in papers [5, 6] should be mentioned here. In [6] A.
Leclair and G. Mussardo proposed an integral representation which makes it possible to generate a low-temperature (R → ∞) expansion for the VEVs in terms of infinite volume form-factors of local fields and some thermodynamical data. Their conjecture works for theories with trivial S-matrices such as Ising and Free Dirac Fermion models [7] , but its validity remains questionable for models with non-trivial scattering amplitudes (see e.g. [8] ). Another line of research was proposed in the work [5] . F. Smirnov applied the method of separation of variables [9, 10] to the semi-classical study of finite volume matrix elements in the quantum KdV equation. The model does not constitute a relativistic field theory. Nevertheless, it is of prime importance for the sinh-Gordon QFT since both of the equations are in the same integrable hierarchy.
In this paper we will implement the method of separation of variables in the case of the quantum sinh-Gordon theory. The problem is defined by a Euclidean action,
where ϕ is a scalar field with periodic boundary condition along the x 2 -coordinate. We are focusing on the VEVs of the exponential fields,
For our purposes it will be useful to rewrite (1.2) in the form,
(1.5)
is an integral taken over field configurations on the half-cylinder,
satisfying the boundary condition,
i.e. it is a wave functional corresponding to the ground state | vac R . The method of separation of variables [9, 10, 5] allows one to introduce a change of integration variables in
from the function χ(x 2 ) to the infinite discrete set of γ k . A notable advantage of the new variables is that the wave functional in the "γ-representation" has a factorizable form,
Notice that the integration measure D {γ k } does not factorize in the variables γ k . At this moment, we are not able to elaborate on all steps of the changing of variables on a rigorous basis. Therefore, we suggest the deduced integral representation for e aϕ R as a conjecture rather than a well established result. To test the validity of this integral representation, we carry out a semi-classical expansion of the VEV.
More explicitly, the parameter b 2 in the action (1.3) can readily be identified with the Planck constant. Then, for finite α = a b and b 2 → 0, the functional integral (1.1)
is dominated by a non-trivial saddle-point configuration and admits the semi-classical expansion,
Here S is a Euclidean action on the cylinder evaluated in the saddle-point configuration and the pre-exponential factor D is the result of evaluating the functional integral (1.1) in the Gaussian approximation around the classical solution. With the proposed integral representation we calculate the functions S and D and find complete agreement with the expected high-and low-temperature behavior of the VEVs. In particular, our result matches well with the Leclair-Mussardo conjecture.
Integral representation for VEVs

Flaschka-McLaughlin variables
In the paper [11] information and proofs, the reader is referred to Refs. [11, 12] .
The sinh-Gordon equation admits a zero curvature formulation: There exists a sl(2, R)-valued connection 1-form, depending on an auxiliary parameter λ, such that the condition of vanishing curvature is equivalent to the equation of motion. Dealing with the theory on cylinder, one can integrate this 1-form along some cycle, say,
and obtain the so-called monodromy matrix,
This matrix satisfies important analytical conditions which are readily obtained from an explicit form of the connection. In particular, the matrix elements in (2.2) are real analytical functions of the variable λ 2 with two essential singularities at the points λ 2 = 0, ∞.
Zeroes of B(λ), 
The mapping of the canonical Poisson data, ϕ and ∂ x 1 ϕ , to the variables (2.4) is found to be a canonical transformation, i.e. 
γ-representation
The Flaschka-McLaughlin variables proved to be useful in quantum theory as was demonstrated in the seminal work [9] on the example of the Toda chain equation (see also [13, 14] ). We refer to a quantization in these variables as a quantization in γ-representation.
Recently the γ-representation was employed to quantize "real" KdV theory [5] 1 . In fact, Smirnov presented heuristic, but convincing, model-independent arguments which can also be applied to the sinh-Gordon equation. Following these arguments we introduce the integral,
The monodromy matrix in the "real" KdV model has the form (2.2), whereas the monodromy matrix of the "imaginary" equation belongs to the group SU (2) (ℑm λ = 0). The imaginary KdV model is related to the sine-Gordon theory and (perturbed) CFT with the central charge c < 1 (see e.g. [15] ). A sensible γ-representation for the imaginary equation has, to our knowledge, not been found.
We shall also use slightly different form of I N : With the identity,
, the integral (2.6) can be rewritten in the form
The function Q[γ] appearing in Eqs.(2.6), (2.7) is the so-called Baxter's Q-function. It is a non-singular function for real γ with leading asymptotic behavior
Here and below we use the notation,
The positive constant C 0 in (2.8) reads explicitly,
and m is a mass of the sinh-Gordon particle. Therefore, I N (2.7) is a convergent integral for any finite N . Notice that the configuration space of the model under consideration is an infinite-dimensional space. In writing the 2N + 1-fold integral, we truncate it to 2N + 1-dimensional space with coordinates γ k N k=−N . As well as in the KdV theory [5] , we can treat
as a wave functional in the γ-representation. For N → ∞, it corresponds to the ground state | vac R of the sinh-Gordon theory with periodic boundary conditions. Furthermore, the double product in (2.7) is an integration measure and we shall denote it D N {γ} .
It was calculated in the semi-classical approximation in [5] . The semi-classical analysis suggests also that the product
represents (in the limit N → ∞) the exponential field e aϕ located at the point (R/2, R/2) on the cylinder 2 . Therefore, the integral (2.7) has the form of a quantum mechanical diagonal matrix element,
We shall consider the Vacuum Expectation Values only. In this case, Q is an eigenvalue of the Baxter Q-operator corresponding to the ground state.
Baxter's Q-function in sinh-Gordon theory
We now turn to the most delicate point of our construction: an explicit form of the function Q. To the best of our knowledge a rigorous derivation of Q is not currently available. Here we formulate a conjecture for the sinh-Gordon Q-function based on the following heuristic arguments. First, we note that the substitution b → i β transforms A shG (1.3) to the action of the sine-Gordon model. Naively we could try to obtain Q by means of analytical continuation from −1 < b 2 < 0. In this coupling constant domain, the Baxter Q-operator is relatively well studied [15] . Unfortunately, the sine-Gordon Q-function has an essential singularity at b 2 = 0 the analytical structure of which is unknown. This makes the analytical continuation to the domain of the sinh-Gordon model a highly questionable procedure. One can guess an explicit form for Q by examining its asymptotic behavior.
The Q-function in the sine-Gordon model admits the following asymptotic expansion for
Here we introduce a new notation,
The leading term of this expansion has already appeared in our consideration (see (2.8))
while I 2n−1 andG n are vacuum eigenvalues of the so-called local and dual unlocal Integrals of Motion (IM) respectively. The constants C n depend on the normalization of the local IM.
2 The position of the insertion is determined by choosing of the integration contour for the monodromy matrix. Here we assume that the contour is given by (2.1). 3 In this work we use a convention for the Q-function which differs from the one of [15] by an overall shift of the argument.
In Appendix A (see Eq.(A.2)) we present their form for the normalization adopted in [15] .
A similar asymptotic form holds for γ → −∞. The eigenvalues I 2n−1 are regular functions of b 2 , and can be continued to the domain of the sinh-Gordon model without problems.
Contrary to I 2n−1 , the eigenvalues of the dual unlocal IM,G n , are highly singular functions at b 2 = 0. One can expect that the appearance of these IM is a consequence of the existence of the soliton sector of the sine-Gordon QFT. This sector is absent for b 2 > 0. All these observations suggest the following large γ asymptotic behavior in the sinh-Gordon model,
In Appendix A we give numerical evidence that the values of local IM can be expressed in terms of a solution of the Thermodynamic Bethe Ansatz (TBA) equation:
Here the function ǫ(θ) solves the TBA equation [16, 17, 18] 
with the kernel
14)
The series (2.11) is an asymptotic expansion. In fact, it is a divergent geometrical series which can easily be summed up and one can guess an explicit form of Q:
We leave an examination of the properties of this function for future publications.
One more aspect of the γ-representation deserves a comment. The sinh-Gordon model manifests an important non-perturbative symmetry. The couplings b and b −1 correspond to physically indistinguishable theories. Q in (2.15) is a self-dual function in a sense that it is invariant under the substitution b → b −1 . Furthermore, it is easy to see that
This supports our choice of the measure in (2.7). Strictly speaking, the measure was obtained in [5] in the semi-classical approximation. The exact invariance of the semiclassical measure suggests its applicability for an arbitrary value of the coupling constant b 2 .
Large N limit
As was noted above, in writing the 2N + 1-fold integral (2.7), we truncate the configuration space of the theory to 2N + 1-dimensional one. In fact, the truncation amounts to an ultraviolet regularization with a momentum cutoff given by
Now we let N → ∞. From (2.9), it is clear that the ratiō
represents the VEV e aϕ R in the large N limit. More explicitly, dimensional analysis suggests thatĪ
thus the correct relation has the form
Here κ a is an arbitrary R-independent constant. To eliminate this ambiguity one has to impose some normalization condition on the fields. For example, the so-called conformal normalization stipulates that the exponential fields with sufficiently small |a| are normalized in accordance with the short distance behavior of the two-point function
The key result of Refs. [3, 4] is a calculation of the limit,
with this normalization. Explicitly,
.
(2.19)
Once we adopt the conformal normalization for the exponential fields, the constant κ a is uniquely determined by the condition (2.18). In particular, the semi-classical consideration (see below) leads to the relation,
Semi-classical expansion
In this section we will study the VEVs in the semi-classical approximation. The VEV 
Here the function φ is a solution of the classical equation of motion,
such that,
and
The field configuration φ develops a singularity at the point y where the exponential field is inserted. Therefore, in the definition (3.2) we cut the small disc of radius ε around this point and add the boundary term to the action to ensure (3.4). We also add a field independent term such that the action is finite at ε → 0. The pre-exponential factor D (1.6) is a result of evaluating the path integral (1.1) in the Gaussian approximation around the classical solution defined above,
where γ E = 0.577216 . . . is the Euler constant. The first factor in (3.6) appears as a result of the mass renormalization.
Main semi-classical order
We now proceed to the semi-classical calculation of the VEV e aϕ using the representation (2.17). In order to apply the saddle-point machinery, it is convenient to begin with the form (2.6) for the integral I N . To the lowest semi-classical order,
Here and below the notation
is used. The corresponding saddle-point equations have the form,
In writing (3.9) we have assumed that b 2 → 0 and α = ab is fixed. Thus we find,
The sum can be evaluated with the result, 
. (3.14)
Thus the function (3.13) coincides with the regularized Euclidean action (3.2) 4 .
Semi-classical expansion of Q-function
To compute the VEV to one-loop order, we have to find the next term in the semiclassical expansion of Q. It can be obtained by means of the TBA equation (2.13). The kernel Φ (2.14) allows an expansion in b 2 , 15) thus to lowest order the solution of the TBA equation has the form,
With this equation and the definition (2.15) we calculate Here γ E is the Euler constant.
One-loop order
The saddle-point approximation allows one to find the one-loop order in the semiclassical expansion. To this order,
Here the function W is a result of the Gaussian integrations in (2.6) around the saddle
The main steps in the calculation of (3.18) are given in Appendix B. Our final result has the form (1.6) with the function S given by (3.13) and
Here
Recall that (3.19) should coincide with the functional determinant (3.6).
High-temperature behavior
Now that we have computed (1.6), let us check the result for some limiting cases. Here we argue for R → 0 behavior of the VEVs.
Due to the scaling properties of the interaction operator in (1.3) one can rescale the problem to a circle of circumference 2π. Thus, the Hamiltonian of the model under consideration takes the form
where Π = 1 i δ δχ is the momentum conjugate to χ = ϕ| x 1 =0 . The mass of the sinh-Gordon particle is related to the parameter µ by [19] ,
For r → 0 and a > 0 the main contribution in the path integral (1.5) comes from a region of the configuration space corresponding to χ ∼ −2q log(r) ≫ 1 . More explicitly, the Hilbert space of the Liouville CFT contains a continuous set of primary states | p parameterized by p > 0 with the conformal dimension [20] ,
We will assume that these states are canonically normalized,
Let Ψ p [χ] be a normalized wave functional corresponding to the state | p . As was discussed in [17, 18] , the following relation holds
in the region (4.3). Here p = p(r) solves the equation,
We emphasize that L p is a unique coefficient provided a normalization of Ψ 0 is chosen.
Therefore, one can expect the following relation for r ≪ 1:
The matrix element p | e aϕ | p Liouv was found in [21, 18] . It reads explicitly,
Here we use the notations [18] log Υ(
,
It is easy to see that the function p = p(r) (4.6) satisfies the condition,
Using Eqs.(4.7)-(4.9), we can derive
, (4.10) where
does not depend on a. In writing (4.10) we also used the relation (4.2). Unfortunately, the 
In this approximation, known as the mini-superspace approach [22] , the Hamiltonian (4.1)
is substituted by,
The Schrödinger equation
coincides with the modified Mathieu equation and the wave functional Ψ 0 is represented by its lowest eigenfunction. We will use the common normalization condition
The Liouville wave functionals Ψ p in the mini-superspace approximation have the form,
Here K ν (z) is the MacDonald function. Now it is clear that the mini-superspace approximation for N (4.11) can be obtained from the large X behavior of the normalized Mathieu function Ψ 0 (X) (4.13),
as X → ±∞ . (4.14)
Of concern to us is the behavior of N ms in the domain b 2 ≪ r ≪ 1. In this case, we replace Ψ 0 (X) by its WKB asymptotic (4.14) and readily obtain,
Having arrived at Eq. (4.15), we can straightforwardly expand (4.10) in a power series
where S 0 is given by Eq.(3.14) and A G is the Glaisher constant. It is possible to show that the high-temperature expansion of (1.6) exactly matches (4.16) (see Appendix B for some details).
Low-temperature expansion
We have mentioned in the Introduction that the finite volume VEVs can be understood as thermal averages (1.2). Hence, e aϕ R admits the low-temperature (R → ∞) expansion in the form,
Here G k represents k-particle contributions in the infinite-volume channel and
Recently A. Leclair and G. Mussardo [6] proposed an integral representation which is sufficient to generate G k (r) systematically in terms of form-factors of the field e aϕ at R = ∞ and the solution of the TBA equation (2.13). Taking into account contributions of one-and two-particle states to the trace (1.2), they obtained 
where K n (r) is the MacDonald function. We now expand (5.3) as a power series in b 2 ,
where
To expand G 2 one needs to use Eq.(3.15),
It is quite straightforward to verify that the low-temperature expansion of (1.6) exactly reproduces (5.4) and (5.5).
Conclusion
The proposed γ-representation (2.17) is the main result of this paper. Its rigorous derivation has not yet been achieved. Although (2.17) are conjectures, the evidence presented in this paper appears to make it reasonable to take them as the starting point for further investigation.
One can expect that similar representations exist for non-minimal CFT, say, the Liouville theory and SL(2, R)/U (1) non-compact σ-model. It may cast new light on many unsolved problems of 2D Quantum Gravity. In this connection an intriguing similarity between the integrals appeared in the γ-representation and Matrix Models of 2D Quantum
Gravity [23, 24, 25] can be mentioned.
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Appendix A.
The QFT defined by (1.3) possesses infinitely many local IMÎ 2n−1 whose vacuum eigenvalues have appeared in the equation (2.11). They can be represented in the form,
where the local fields T 2n and Θ 2n−2 satisfy the continuity equations,
Although a general expression for the densities T 2n , Θ 2n−2 is not known, they are determined up to normalization by the commutativity conditions,
In Refs. [15, 27] the following normalization was adopted,
where omitted terms contain higher derivatives of ϕ and exponential fields. Notice that the condition (A.1) does not depend on the regularization scheme defining the composite field (∂ z ϕ) 2n . With normalization (A.1) the constants C n (2.11) were found in Refs. [28, 15] ,
The local IMÎ 2n−1 are certain deformations of the local IM of the Liouville CFT. Let are given in Appendix B of Ref. [27] . Here we present only the first two of them,
In Tables 1-4 Tables 1-4 to be an impressive evidence in support of the relation (2.12). 5 For n = 1 this relation was discussed in Ref. [18] . 
Appendix B.
Here we proceed with calculation of the products in (3.18) and give some technical hints on the study of their high-temperature behavior. First, let us consider the product,
Using the relation
which follows from the saddle-point equations (3.9), one obtains
This sum can be rewritten in the form,
Notice that the sum in (B.1) converges for N → ∞,
To derive this formula we used (3.11) and the saddle-point equations (3.9). Thus we obtain, To finish the calculation of (3.18) one needs to evaluate the product, The sum M Hence, examination of the product (B.4) at this limit creates no difficulties at all.
